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q-EXTENSION OF THE p-ADIC GAMMA FUNCTION
BY
NEAL KOBLITZ

ABSTRACT. p-adic functions depending on a parameter ¢, 0 < |g — 1], < 1, are
defined which extend Y. Morita’s p-adic gamma function and the derivative of J.
Diamond’s p-adic log-gamma function in the same way as the classical g-gamma
function I';(x) extends I'(x). Properties of these functions which are analogous to
the basic identities satisfied by I'j(x) are developed.

1. Introduction. A generalized gamma function I' (x), depending on a parameter
0 < ¢ < 1, was introduced and studied by F. H. Jackson, R. Askey, G. E. Andrews
and others. Defined as

R =0 -q - -a)

(1= g9 =g (1~ g+ -~
it satisfies relations which generalize the well-known identities for the gamma
function, and in the limit as ¢ — 1~ it becomes I'(x).

The purpose of this article is to construct and study the properties of a natural
g-extension I', , of Morita’s p-adic gamma function I', [13] and a g-extension , ,
of the derivative of Diamond’s p-adic log-gamma function G, [4]. Recall that T, is
a function from the p-adic integers Z, to the p-adic units Z7 defined by

T,(x) = lim (-1)"II"},

Jj<n

where n runs over positive integers and [I’ means that indices j divisible by p are
omitted. On the other hand, G, is a function on the complement of Z, in 2, (where
§, is the p-adic completion of the algebraic closure of the field Q, of p-adic
numbers, with norm | |, for which |p|, = p~"). It is defined as

G (x) = lim p™ 3 (x +))(log,(x +)-1),
0<ji<p¥

where log, is the Iwasawa p-adic logarithm [7]. Although G, is not log, I, it has
the following two connections with log, I', (see [4] and [6]). (1) If we let G(x) =
G,(x) — G,(x/p), which is defined on the complement of Z> by the same formula
as G, with X replaced by 2, then G}(x) = log, I,(x) for x € pZ,. (2) log, I',(x)

= Eo<j<p,x+jep2, G,((x + j)/p) for x € z,
For simplicity suppose p > 2.
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2. g-extension of T',.

THEOREM 1. Let t € Q,, |t|, < 1,¢ # 0. Set ¢ = 1 + t, and for any n define

pa(m) = (=1)" H'

Jj<n q

Then T, , extends to a continuous function on Zp, and lim,_,, T, =T,

PRrROOF. We first prove two general lemmas.

LEMMA 1. Let Pi(X), ..., Py(X) € Q[X]. Then there exists Q(X) € Q[X] such
that for all n

2 Py(iy) - - - Py(iy) = Q(n).

i) <ip< - -+ <ip<n

PROOF ofF LEMMA. Use induction on A. For A = 1 the lemma follows because
i —! il is a polynomial in n for any /. Suppose the lemma holds for A — 1. We
have

2 Pl(il) T Ph(ih) = <. 2< < ( 2 Pl(il))P2(i2) Tt Ph(ih)

) <ia< - -+ <ip<n i) <iy

= 2 (Q1(12) Po(1)) P3(i3) - - - Py(iy)
i< - <ip<n
by the lemma for A = 1. But this is of the form Q(n) by the lemma for h — 1
applied to the polynomials Q,P,, P5, . .., P,.

LEMMA 2. Let P(X) EQ[X] k=1,2,...; A() =1+ 27, P.()t* € Q1)
J=1,2,....Then there exist Q,(X) € Q[X] such that for all n,

IT 4 =1+ 2 O(n)t*.
Jj<n
PrOOF OF LEMMA. For each k let s = {s,,...,s,} run through the set S of
partitions of ordered positive integers s; whose sum is k. The coefficient of ¢* in

Il Aj(2) is clearly

2 2 Ps.(il) te P:.(ih)’

SES §<i< - -+ <iph<n

Since the first sum is finite, this is a polynomial in » by Lemma 1.
PROOF OF THEOREM 1. Let P (X)=(X - I}X —=2)--- (X — k)/(k + D).
Then

1+1¢ ] had .
l — ( Y J(l + Y Pk(])tk)'
q k=1
Further let i = [(n — 1)/p] + 1, and let P,(X) = P,(pX). Finally, let

40 =1+ 3 RO AW =1+ 3 BO)~
k=1 k=1



g-EXTENSION OF THE p-ADIC GAMMA FUNCTION 451

Then

<n Aj(t)
L,a(n) = T S22,

By Lemma 2, the quotient can be written (1 + = Q (n)t%)/(1 + = O, (A)t%).

Note that T, (n) = (-1\'Icpp(1 + (1 + )+ - - - +(1 + 1y~") € Z[1], and
hence T q(n)/l’ (n) =1+32 ,R(nt*eZ ,Hl[7]] for each n (where the R, are
some functions of n), ie., |Ry(n)|, <1 for all k, n. Since each R, is a finite
expression in @, and Qk » ky, ky < k, and since each Qk depends continuously on
fi and hence on n, and Q, is just a polynomial in n, it follows that R, is a bounded
(by 1) continuous function of ». Since ||, < 1, the theorem follows. Q.E.D.

THEOREM 2.
Q)
-(1-¢9)/(1-q) fxeL

I, (x+1)/T, (x)= [ 1 ixepz,

(2)(x) (@ elm) el 50)

x x+1 x+m—1\[1—-qm\*"*
= rp,q"‘(;,')rp,q"( m ) o rp,q'( m )( 1-g¢ )

~

for any x € Z, and any positive integer m prime to p, where " is the unique
continuous extension to Z, of the map n— i = [(n — 1)/p] + 1 used in the proof of
Theorem 1. (If x = ay,+ a,p + a,p*>+ - - -, then % = (a; + 1) + a,p + ayp?

-ifag#* 0and a, + a,p + ayp*> +- - - if ay = 0. Note that (1 — ¢™)/(1 — q)
is a p-adic unit, and the exponent can be written ay — p + (p — 1)X if ay # 0 and
(p — DE if ag = 0)

€)) )
L g1 —x) = — (—¢q)" "

PROOF. Since both sides of (1), (2) and (3) are continuous in x, it suffices to prove
them for x = n. In that case (1) follows immediately from the definition.

(2) For fixed m let A, denote the left side of (3) for x = n, and let B, denote the
right side. We prove that 4, = B, by induction on n. Trivially 4, = B,. Suppose
A, = B,. We have

Ay _ Tppnt1) { -(1-¢"/(1~-q) ifpm,

A, T, (n) -1 if p|n,

and

); I‘,,q..(n/m + 1)( 1 - qm)“ﬁ-(m)
B, T, ~(n/m) 1-¢

_ [(— (1-4¢")/0—=gm)-((1-q¢™)/ 1 —4q) ifpn,
—-1-1 ifp|n.
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Hence A,,,/A, = B,,,/B,,andso 4,,, = B, ,. This completes the induction.

(3) is easily proved by induction in the same way as (2). Q.E.D.

REMARKS. 1. Comparing parts (2) and (3) of Theorem 2 gives support for a
comment once made by B. H. Gross that the Euler reflection formula for the
gamma function should be thought of as the (-1)-case of the multiplication
formula. The right side of (3) can be written as

1 - q_l x—x
P”"’(l)( I-q )
(recall T, (1) = — 1). This similarity between the multiplication and the reflection
formulas for T, was not clear until we looked at its g-extension I, .

2. In the classical case the type of argument in Theorem 2 above will quickly
reveal that T')(x)I'; ,,(1 — x)(— q)" is periodic of period 1 (where we use D. Moak’s
T, for ¢ > 1[11] to define T'; ,,(1 — x)). But this periodic function is not a constant
(as any continuous function on Z, with period 1 must be); it turns out to equal a
constant divided by the theta-function

oo
2 (_1)-("+X)q(n+x—l/2)2/2.

n=—oo0
3. Table of properties.
Classical Case
gamma function its g-extension (0 < ¢ < 1)
(1) T(n+1) = n! Tn+D)=I[0+g+g+ - +¢7"
j=1
I'(x +1) L x+1) (1-g%

2) —————=x, I'(1)=1 = , T'(1)=1.

@ “re9 o Lo (-g 'V

I' and T, are uniquely characterized by (2) together with convexity of their
logarithm.

orrr(f) (=) o) (%
xR rErel )
I‘( x + :: — l)m"" I‘q..(x + Z -1 )((21——qq";) )x—l
for any positive integer m for any positive integer m

(4) T(x)-T(1 — x) = sin{ﬂx) T,(x)T,(1 - x)

- $ -9 ”

n o (l —_ qn+x)
(5) dlogT’(1) = —v dlog T (1) = —,.
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p-adic Case
gamma function its g-extension (0 < |¢ — 1|, < 1)
n n
(1) L+ )= Tpg(n+ 1) = (1" T
Jj=1 Jj=1
(+g+g+---+¢7")
@ L(x+1) { —xifx€Zy, T,(x+1) ((11 )) if x € Z3,
T,(x) -lifx € pZ, T, (x) lif x € pZ,,
(1) =-1 r,,()=-1
I, and T, , are uniquely characterized by (2) together with continuity.
1 m—1 1 m—1
O L5 )  L(To)  Teaae(57) -+ (2 )
X x + 1 _ X x+ 1
= I‘P(;)I‘p( o ) o o . = rp’qn(;)rp,qu(T)
I‘p(x+m_l)m"_’; T M(x+m—l)l—q"' x
m 20 m l - q
for any positive integer m for any positive integer m
prime to p prime to p
@) T,(x) T,(1 = x) = (1" T,(1) T, 0(x)- T,y (1 = %)
= (—q)* T, (1)
(5) dlog I,(0) = - (1 — 1/p)v, dlog T, ,(0) = - (1 - 1/p)y,,
(see below)
Finally, I/ > T as ¢ » 17, and r,,—»T,asqg-1
4. g-extension of G,. For x € @, let d(x) = min, e, |x — z|, be the distance from

xtoZ, Forg=1 H e, <1, letsq l/(]logp ql, - p"/?" l’) andlet D, = {x €
Q |0<d(x) <&g,). Thus,if ord, t > 1/(p — 1), we havee =1/, -p"/*" ") > 1
andD —{xeﬂ Z)|x|, <e¢);asqg—>1,D, expandstoallofﬂ —-Zp.

If x € D, say |x — 2|, <¢, with z EZ,, then g* = g7~ %4, and sog*isa
locally analytic function on D,. Since also ¢* # 1 here, it follows that log,(1 — ¢*)
is locally analytic on D,. We can then define

x+j

- 1-¢
Ypg(x) = lim p ”'0 2 B g
<j<P

= —log,(1 — ¢) + lim p™ 3 log,(1 - ¢g*%),
N-oo 0<;j N
j<p
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which exists and is locally analytic on D, by Theorem 2 of [4]. Clearly ¢, , — G, as
q—1.

We can define ¢ (x)-a g-extension of G;'-by replacing d(x) by d*(x) =
min, ¢ ze|x — z|,, D, by D = {x € 2,0 < d*(x) <e,}, and X by 2’ in the defini-
tion of ¢, ;. Then

1 X 1 1—¢g°
Y (x) = ¢, (x) — ;upp,q,(;) - ;logp - for x € D,.

We first show the relationship between y, ,(x) and d log, I, ,(x) /dx.

THEOREM 3.
¢y
Y (x) = logp T,.(x) forx € pZ,;
)
d 1 x+Jj _1 1-4°
o log, T, (x) = ) 0<§<p ‘pm,( F ) + (1 P)logp = ¢ for x € Z,
x+j&pZ,

Note that if ord,(g — 1) > 1/(p — 1), then ¢, > 1 and ¢, > p, so that x € Dy
and (x +)/p € D,,. But even if ord,(¢ — 1) < 1/(p — 1), in which case we may
have x & D} and (x + j)/p & D, still % (x) in (1) and y, .,((x + j)/p) in (2) are
well defined because x € pZ, and x € Z,, respectively.

PROOF. (1) By the definition of T, , for x € pZ, we have

P
-N N -N ’ 1—g*%
p M(log, T, (x + p") —log, T, (x))=p > log, -7
0<j<p®
and taking the limit as N — oo gives (1).
(2) The sum on the right in (2) is equal to
. o 1 — gPx+R/p+)
lim p~¥-! lo
Nooo p 0<j2<p~ gp 1 - q"
0<k<p
x+k&pZ,
——( )log1 q+hmp”2 log-l—-ﬂ
P 1 N—ooo 0<j<p~ P 1 - q
x+j&pZ,

1 - -
- (1 B ;)Ing 1 — ‘I + hm p~"(log, T, (x + p™) — log, T, (x))

1 1 l—qp 4 tog, T ED
— ——; ngl—_&—"'a og, p’q(X). Q.E.D.

The next theorem, giving identities for y,, ;, should be compared with the table in
§3.
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THEOREM 4. For x € D
0))
q*log,q d 1-q*
Yo + 1) = (X)) = — g s = log, T
0))

x+h 1—-g" d 1—gm\*!
- Bl £22) o = e8]

for any positive integer m (not necessarily prime to p)

3

$pa(®) — Ypa1/gl = %) = —log, g = <= log,(~ )~

ProOF. (1) This follows by Theorem 4 of [4]:

(x+1) - ) = lim p~"[1 L__ﬁﬁi_] 1-4

Ypg(x + 1) = ¥,(x) = lim p~F|log, ——— 8, T4
_d 1-qg*
& s Ty

(2) By Theorem 1(ii) of [4}, §,, ,(x) can also be written (for any m) as

lim -—I—N > log, 1-4¢7
Noowo mp 0<j<mp~

Then the left side in (2) equals

. 1 l" x+j
lim (——';v- 2 logp _.._q-—

N—>oo \ mp 0<j<mp® 1—‘1

1 1- qm((x+h)/m+j)
LSS e
mp 0<j<P~ 0<h<m

] 1 1 - qx+/ 1- qx+j 1 - qm
= lim — Y (log — 31  —log, — | =log, ——.
Nooo ”'pN0<j<mp"’ P l—q P 1 - 1 q

(©))
‘Pp,q(x) - ‘I’p,l/q(l - x)

. _ 1 = g*Y 1 - —(1—-x+p"-1-))
lim p=" 3 (logp—_q——O g

1
N—oo o<j<p? 1-¢g

-1 + i N 1
og, ¢ + lim p Y log,
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Since
log, —-—2 tog, (1 - —L (47"~ 1)
0g, m = —log,|! — ﬁ;?,(q
0 1 q(x+j)k N P
=3z =@ -1,
Ek (1 g
and

g —1=10+0)"" —1=—pM+p "+ 1)2j2— -,
it quickly follows that the last limit is zero. Q.E.D.

Finally, we give g-extensions of Diamond’s p-adic Euler constants [4]. If r, f €
Z,f > 1,and if ord,(r/f) < O, then define

1

Y,(r’f)=_ lim — lo
P4 Now foN 0<j2<ﬁ:N Ep 1—¢q
J=r (mod f)
Also set
r S -4
= j,p) = — li -N ’ 1 _—
Yoa =5 El Yp.qU> P) p [ dim p7¥ X log, T—

0<j<p¥

Then it is easy to prove the following two theorems, which generalize Theorem
14 in [4).

THEOREM 5. (1) If d|(r, f), then

Py ) = (1), 0/ d, £/ d) = log, ==L,

q
2 v, q(r,f) You/e(f — 1.f) + (1/)log, q.
(3) If b is a positive integer, then v, (r, f) = P =0 yM(r + Jf, bf).

THEOREM 6. (1) If ord,(r/f) < 0and 0 <r < f, then

- f
¥, (r/f) = —log, 1— Fp.q(rs 1)
@ ,O0=T, 0=-0-1/p)1,,

REMARKS. 1. In [4] Diamond denotes a limit of the form
limy_, p~ 20< j<p fUs x) by [f(u, x) du. This is the Riemann sum definition of
the integral over Z, with respect to the Haar distribution py,,(J + p” Z)= -Nif
one chooses j as the representative “point” in the “interval” j + p Z ; since p,Hm
is not bounded, the limit of the Riemann sums does not exist independently of the
choice of representative. The relationship between py,,, and the p, in [9] given by
w( + p”Zp) =z/1 - z?") is as follows. If we choose z = ¢ with |g — 1, <1
(but g not a pth-power root of 1), then g, is an unbounded distribution, and
diygao; = — q~ " log, q dp, = (d/du)(q™") dp, in the sense that
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im Y S, pyealJ + PVZ,)
~® o0<i<p?

=lim Y f(,x)(—q7log,q)n(j+pr"Z,).
N-ooo 0<j<p N
2. If we wanted to construct a g-extension G, , of G, having the form G, ,(x) =
limy_, . p Vo< j<pn f(x + j), we would have to find an f whose derivative is

log,((1 = ¢*)/(1 — g)). It is not clear what a natural choice for such an f might be.
However, one could use the technique in [9] to define a “twisted” G, , by

G _ ) 1 - qx+u 4 ; b

0t (%) = _fz, og, NErE ue(u) forx € D,

where £” = 1, £ # 1, ppr, and w,(j + pVZ,) = ¢/ /(1 - ¢7"). This function satisfies
(1)

X

1 —
£G, 4e(x + 1) = G, (x) = log, —— _qq :
@
m—1 m
_ A x + h) _ 1 1-g¢g
Gp’q’e(x) },§=:0g G 'qm’em( m 1-¢ logp 1-g¢ ’
3)

_ 1
Gpqs(¥) + £ le.q",i"(l —x) = 1-¢ log, g.

In conclusion, I would like to thank Richard Askey and Dennis Stanton for
stimulating correspondence and conversations.
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